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Abstract
In this article, we give a survey on the Hopf conjecture,
the Willmore conjecture and some related open problems.
For the Hopf conjecture, we study the work of
Bourguignon, Deschamps and Sentenac. Also, the method suggested by
Kuranishi is discussed.
We study next the Willmore conjecture and problems
concerning the Willmore functional. Here, the results of Willmore,
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In 1980, S.T. Yau (c.f.[Yau]) gave a list of open problems
in differential geometry, which plays a significant role in guiding
subsequent research efforts.
While the list contains 120 open problems, we shall, in this
thesis, only survey on the Hopf conjecture, the Willmore conjecture
and some related problems. Both conjectures concern low dimensional
Riemannian geometry. Their statements are remarkably simple. The Hopf
conjecture states that there is no metric with positive sectional
curvature on S x S. The Willmore conjecture states that for any torus
3 f 2 2
embedded in IR with mean curvature H, H dV 2n. However, the
conjectures lie much deeper than they appear and have so fan resisted
all attacks.
We have chosen to survey on these conjectures for obvious
reasons. First, being simple in appearance but deep in substance, the
conjectures are good starting points for a novice, who is then enticed
into studying some basic tools in Riemannian geometry: deformation
methods for the Hopf conjecture, conformal geometry and variational
methods for the Willmore conjecture. Second, there are important
recent works on the conjectures: in paritcular, Kuranishi's attempt on
the Hopf conjecture and Li-Yau's circle of ideas relating the Willmore
functional to the conformal area and the first eigenvalue. Finally,
this development is related to the upsurge of interest in low»
dimensional manifolds in the past decade, due to the spectacular
progress made by Donaldson, Freedman, Thurston and Yau. Further
motivations for the conjectures themselves will be given in the
thesis.
The thesis is divided into two parts.
Part I is on the Hopf conjecture. Chapter 0 provides the
motivation and preliminaries. In chapter 1, we study the result of
Bourguignon-Deschamps-Sentenac and in chapter 2, we report on the
works of Kuranishi.
Part II is on the Willmore conjecture. In chapter 3, we
first review total curvature in Riemannian geometry. Then we introduce
the Willmore functional and relate it to the first eigenvalue.
Chapter 4 concentrates on the conformal geometric aspect of the
Willmore conjecture. We study in detail the conformal area defined by
Li-Yau. Chapter 5 deals with variational problems related to the
Willmore functional. Existence theorems are discussed. We conclude the





Introduction to Part I
Few examples of Riemannian manifolds with positive sectional
curvature are known. The ordinary spheres Sn, the complex projective
spaces CPn, the quaternion projective spaces, the Cayley planes and
the homogeneous spaces of dimension 7 and 13 discovered by Berger are
i
the known compact, simply connected ones.
It is difficult to determine whether a given differentiable
manifold admits a Riemannian metric of positive sectional curvature.
It is not even known whether a compact product manifold M= M x
2 2
admits such a metric. The simplest case of S x S remains open,
despite the following long standing conjecture of H. Hopf:
Hopf Conjecture (c.f. [Chern 1]) S2x S2 does not admit a Riemannian
metric of positive sectional curvature.
One may note that S:x N does not admit a positive curvature
metric for any compact manifold N. This is a consequence of the
following theorem of Myer and the fact that nx N) =iri(S1)x n (N)
is infinite.
Myer's Theorem (c.f.[KoNo] vol II p.365) If a compact manifold admits
a metric with sectional curvature K0, ttM) is finite.
One also notes that [RPnx [RPm does not admit a positive curvature
metric, using Synge's Lemma and considering separately the cases m+n
is even or odd.
Synge's Lemma (c.f.[KoNo] vol II p.365 [Kob] p.65) Suppose that M
is a compact Riemannian manifold with positive sectional curvature.
(i) If dim M is even, then n (M)= Z or {e.
(ii) If dim M is odd, then M is orientable.
It is an interesting problem to find topological
restrictions on compact, simply connected Riemannian manifolds with
positive sectional curvature. It is also interesting to know whether
a compact, simply connected symmetric space of rank 1 admits a
positive curvature metric. (c.f.[Yau] problem section)
One may observe that a compact product manifold does not
admit a Riemannian metric of negative sectional curvature because of
the following theorem of Preissmann and the fact that n (M x M)
contains some subgroups isomorphic to Z x Z.
Preissmann's Theorem (c.f.[Prei][ChEb] chapter 9) If a compact
manifold M admits a Riemannian metric of negative sectional curvature,
then all nontrivial abelian subgroups of n (M) are infinite cyclic.1
On the Hopf conjecture, the main result is due to J.P.
Bourguignon, A. Deschamps and P.Sentenac who show that in a
2 2
neighborhood of certain product metrics of S x S, there is no metric
of positive sectional curvature.(c. f. chapter 1, [B,DS 1] and
[B,DS 2]) This is an improvement on earlier works of Berger. We
also have the result of A.Weinstein (c.f.[Wei]) which states that
2 2
there is no metric of positive sectional curvature on S x S induced
g
by an immersion in R. Recently, Kuranishi has done interesting works
on the conjecture trying to construct a positive curvature metric on
S2x S2. (c.f. chapter 2 [Kau])
We end this introduction by mentioning that the Hopf
conjecture probably plays a significant role in the eventual




1.1 Motivation and Preliminaries on Riemannian Structures
(1.1.1) We first fix our notations. For compact Riemannian manifolds
(M, g) i=i ,2, let M= MxM, g= g x g and P :M be the natural
i si' 1 2 0 °2 1 i
projection. We have (TM) =T M ©T M. As usual, Tr=[®TM]®[®T M](m ,m) m 1 m 2 s
12 1 2
and ArTM denotes the r-th exterior power. We let eft M(cT°) be the
bundle of symmetric bilinear forms on M. Also we denote by E the space
of c sections of the c vector bundle E.
Let n be a 2-plane tangent to M. For any g -orthonormal
basis {x, y} of n, let x=x +x, y=y +y where x ,Y€ TM. Then the v1 2 1 2 ii 1
sectional curvature K°(ir) of n with respect to g is given by
(1) K°(5t)= Ki(tci)+K2(tc2).
Vwhere (7) is the sectional curvature with respect to g of the
2-plane tangent to spanned by Hence, if (M ,g), 1=1,2,
both have positive sectional curvature, then K°(5r)0, unless n has a
basis of the form {x ,y}.
1 2
(1. 1-2)DEFINITION. A 2-plane n tangent to M is called bad if it has a
basis of the form {x, y, where x€ TM, y= TM.
12 1122
(1.1.3)DEFINITION. A variation g(t) of gQ is nonnegative (resp.
stationary) at the first order if for all bad planes n,
These conditions involve only the first jet g0+th h1 02TM of the
variation g(t). In fact, we have
(1. 1.4)THEOREM. (Berger) If gCtg+th1 is nonnegative at the first
order, then it is stationary at the first order.
The idea of the proof is to use the special form of
on bad planes tt, then to integrate on the unit sphere
bundles of M and M respectively and finially to apply the maximumX 2
principle (c.f.[Ber]).
To improve on Berger's work, Bourguignon, Deschamps and
Sentenac studied higher order variations of g. Their method is by
induction. However, a technical point has to be taken care of, namely,
to mod out the action of the diffeomorphism group D of M on the space
a
Ml of Riemannian metrics on M.
In the remaining part of this section and in§ 1.2, M need
not be a product manifold.
(1.1.5) Recall that 0 T M with c topology is a Frechet space. The
set 3ft of all Riemannian metrics on M is an open convex positive cone
of 0 T M. The diffeomorphism group 2) of M acts on 3ft by pull-back:
The action is not free and we have the difficulty that 3TI2) is not a
differentiable manifold. Nevertheless, we have the natural projection
t: 3ft »3ft2). An element g of 3112) is called a Riemannian structure. A
deformation of gQ is a path g: (-e,e) 3ft2) with g(0)=gQ. For any
property on 3ft which is 2)-e qui variant we say that a deformation g(t)
has the property at order r if there exists a lifting g(t) of g(t) in
3ft which is cr in a neighborhood of 0 and whose jet of order r at 0 has
the property. For example, the property of having a positive sectional
curvature function on G (M), the Grassmannian of two planes tangent to
M, is a property on 3ft which is 2)-equivariant under the action of 2) on
3ft and G (M). Hence we may talk about deformations of g which are
positive at order r.
(1. 1. 6)THE0REM. (Ebin) (c.f. [Ebi]) Let 0 be the orbit of g€ 3ft under
D. There exists a neighborhood 21 of g in 0 and a map x 2 2) such
that.
for all Tj(g)e U. Also there is a submanifold V of 3ft containing gQ
such that
defines a dif feomorphism from 21 x if onto a neighborhood of gQ in 3ft.
Furthermore, the tangent space of f at g is the kernel of
We recall 8' as follows: Let£ denote the Lie
differentiation and
be the canonical map induced by g. Let
be defined by
y 2
Now 5'is the adjoint of 6 under L -inner product induced by g .We have
(1. 1.7)THEOREM.(Berger Ebin) (c.f.[BeEb])
(2)
and is the tangent space of at
We make the following observation: Consider any curve g(t)
in SJt with g(0)= gQ. For small t, let F_1(g(t))= (u(t),h(t))e V. x y.
Since g(t)= (%(u(t))) (h(t)), g(t) and h(t) are in the same orbit or
t(g(t))= x(h(t)). The point is that we now have
dlC
(1.1.8) Getting back to our problem of studying— (it)_ forQ L t —0
variations g(t) of gQ and for bad planes 7r, it turns out that despite
the preceeding observation, Ker 8' is not well suited to the product
structure of (M, g) and 5' will be replaced by some 5'. (c.f.§ 1.4)
o p
We end this section by clarifying the meaning of o and 5'.
Using our previous notations, we recall the elementary formula
(3
o
where V is the covariant derivative with respect to g .Hence 5 is
simply the covariant derivative V°:T M T°, followed by




5' is called the divergence of symmetric 2-tensor and is given in
local coordinates by
(4)
1.2 Calculation of Derivatives
(1.2.1) Consider a compact Riemannian manifold (M,g), which is not
o
necessary a product manifold. Let g(t) be a variation of metrics given
by
(1)
where for In the following,
will denote the inner product, covariant differentiation, curvature
tensor and sectional curvature with respect to g(t). We use the
convention for curvature tensor:
(2)
(1. 2.2)COMPUTATION OF v We write
(3)
for X,Ye TM. Since all V are torsionless, each Ck is symmetric and
defines an element of
k
To compute C, we write in two different ways and
k
then equate coefficients of t. On the one hand,
(4)
On the other hand
(5)




In particular, for k= l,
(8)
(1. 2. 3)COMPUTATION OF K1 R1. For a tangent 2-plane rue G(M), the2
OS
sectional curvature of n is given by
(S)
OS
where {x,Y is a basis of u. We shall assume {x,y to be orthonormal
with respect to gQa-t m. It is well known that there exist local vector
fields X, Y such that X= x, Y= y, (V°X)= (V°Y)= 0 and [X,Y]= 0.
mm mm






and is given by
(12)
In fact,equation (10) follows from [X,Y]= 0, the torsionless
condition VY= VX and the metric property of v Expanding the right
hand side of equation (10) in t and equating the coefficient of tk
1 dk t
with -k R (x,Y)y,xt we get equation (11).
(1.2.4) There is another way to look at the terms
in the equation (11) (replacing hp by any Indeed, if
now denotes the curvature tensor of g(t)= gQ+th, then
We may further define an operator
by
is a differential operator of order 2 associated to g.
Finally, we make the following simple observation:
If O for all p=0, k-1 then
(13)
1.3 Differential Operators Adapted to The Product Structure of M.
(1.3.1) Let M- Mx M be a product of two compact manifolds. As we
have to take into account the action of the diffeomorphism group 2) on
the space 311 of all Riemannian metrics, a product metric will mean a
Riemannian metric on M which is in the same orbit as some g x g, g
1 2 i
being a metric on
(1.3.2) Let P: M M. be the natural projections. There are
obvious injections i
and
where o stands for the operation of symmetric tensor product.Note
for i=k, 02P T M= P 02T M naturally. We have the followingi i i i
decompositions
We use n. n to denote the natural projections of T M and OT M onto
i jk
their summands. For example n: 0 M P O2! M. These bundleXX XX
CO
decompositions induce corresponding decompositions on the space of c
sections. However, we should be careful that although
they are not isomorphic to P(TM.) whose elements are constant along
M. Similarly,
should be distinguished from
(1.3.3) We proceed to study the above decomposition on sections,
assuming that a product of metrics gQ= gx g is given. gQ induces
maps
as discussed earlier. We define two maps
by the following diagrams:
We indicate the rather complicated situation as follows:
where we use dottd slttows to indicate that the diagrams need not
commute. Similarly we define d, d' (ij) by
These operators are introduced simply to decompose 5, 8':
However, we shall be interested mainly in the following operators:
These operators are more adapted to the product structure than 6 said
5. Note that we now have commutative diagrams:
We next investigate what the Berger Ebin decompositions
(c.f.(1.1.7))





CARE: Tne decomposition of (3) is not direct. In fact,
(1. 3.5)REMARK. The proof below will be intrinsic. However,
expressions in local coordinates are helpful and we give them here.
be its decomposition inLet h
1 ct
In local coordinates (x) (x) of M M, we may write1 b
Writing only the nonzero components, we have:
and similar for
(1.3.6) PROOF OF PROPOFTTTDNf 1 i n
Proof of (11
The Berger Ebin decomposition induces the following
decomposition:
Since L.H. S. it suffices to identify with
and with Ker The latter is easy.
For, iff 0 iff
The former is less obvious. For, even if so that
such that it is not clear how
can be pieced to give a smooth sectior satisfying
This has to be provided by the details of the Berger Ebin
decomposition.








To see that the sum is direct, we show that 6 and 5' are
p p
adjoint to each other. In fact, for any£ e TJ4 and h e 02TM, in
2
terms of L -inner product,
reversing the above steps.













Observe that 0 means
such that is an infinitesimal
isometry on M.Then the following corollary of (3) is clear.
(1.3. 7)COROLLARY. If M and M are compact Riemannian manifolds
i 2
without infinitesimal isometry, then on their Riemannian product M
1.4 A Study of The Operator T on a Product of Riemannian Manifolds.
(1.4.1) Let h The product structure on M induces a
decomposition:
Let n be a bad plane of M given by
where For a nice extension we have
Berger's theroem (1.1.4) now takes the following form:
(1.4. 2)LEMMA. If for all bad planes then
PROOF: For a bad plane Hence
Then
and the result follows from Berger's
theorem.
We are interested in those h with for all bad
planes The main result is as follows.
(1.4. 3)THEOREM. If :0 for all bad planes and
then
(1) i= 1,2, for all bad planes,
(2) i= 1,2.
If in addition, M has no infinitesimal isometry, then and
with
(1.4. 4)PROOF OF THEOREM.
STEP 1:
induces a quadratic form which in local
coordinates is given by:




In the above local coordinates:
It is not difficult to check by local coordinates that
STEP 2:
We note that implies For,
gives 0 which is 0 in local coordinates, but then
On the other hand, 0 for all bad planes cleanly implies
Hence from STEP 1, »f uW-L Oil
Since the Berger Ebin decomposition is direct. By definition of
,which implies for
any fixed (m ,x). Since M is compact, L(x ,x) is constant on M.J 2 2 1 222 1
This imDlies first thatA. and second
that The same reasoning applies to h1. Finally, since
on bad planes, is also zero on bad planes.
STEP 3:
From STEP 2, 0. For
Hence Since there is no infinitesimal isometry,
Now let vary. We get
Then Again since there is no infinitesimal
isometry, that is 0.
1.5 A Lemma on The Action of on 02TM.
(1.5.1)LEMMA.
~ p
Let g(t) be a c deformation of Riemannian structures
2
in a neighborhood of 0. Suppose 0 T M= 6 (T M)+ F is an algebraic
decomposition of eft M. Then there exists a cr lifting g(t) of g(t)
whose r-jet at 0 is in© F.i =1
f1. 5. 2)PROOF OF LEMMA.
STEP 1:
We first prove a sublemma.
SUBLEMMA. If h(t) is a variation of h€ OT M and p+ is the0——————— L
group of diffeomorphism of M generated by some vector field X on
M, then
(i) (h(t)) and h(t) have the same (k-l)-jet,
(ii)
PROOF OF SUBLEMMA.
By the definition of Lie derivative,





This implies (i) and (ii).
STEP 2:





is equivalent to under
has the same jet as
Thus, let be the By hypothesis
for some Recalling that we set
so that Let be the group of




has the same jet as
This completes the inductive construction and we take g(t)= g (t)
1.6 The Main Theorem.
(1.6.1) We need further terminology to state the Main Theroem.
Let Pos(M) be the open set of Riemannian metrics on M with positive
sectional curvature and Pos(M) be the corresponding set of Riemannian
structures. Let g= gx g and g be the corresponding product metric
structure. By proposition (1.3.4M3) and lemma (1.5.1), every
r
c deformation g(t) of Riemannian structures has a cr lifting g(t)
whose r-jet at 0 is in© Ker6'. Such g(t) is called r-reduced.
i -1 p
(1.6. 2)DEFINITION. A cr variation g(t) of Riemannian metrics is
called r-positive if for all bad planes {x ,x} and for all t 0,12'
Kt(xi,Xo) 0, or equivalently, that the first nonzero derivative ofJL i—d———————
K (x ,x) at t=0 is positive.12
(1.6. 3)DEFINITION. A covariation g(t) of Riemannian metrics is called
an r-product if its r-jet is in
Now we are ready to state the Main Theorem.
(1.6.4)THE MAIN THEOREM.
compact Riemannian manifold without infinitesimal isometry, then




(ii) there does not exist analytic variation g(t) of gQ such thai
g(t)e Pos(M) for all sufficiently small t.
PROOF. We prove (i) by induction.
For the first jet, (i) is just Berger's result. Indeed; g(t)
must be 1-positive, hence 0 for all bad planes. By (1.1.4),
(1.4.2) and (1.4.3), the 1-reduced variation g(t) is 1-product.
Suppose that the j-jet of g(t) is a j-product for 1 i j r.
Then for all bad planes, since
0. As g(t) is (j+1)-positive
0 for all bad planes. By (1.4.2) and (1.4.3) again,
the (j+1)-reduced variation is a (j+1)-product.
(ii) follows easily from (i). Indeed, by analyticity, there
exists a sufficiently large r such that the r-jet of g(t) for which
K1 (x ,x) 0 for all bad planes {x ,x} and for all small t 0. By12 12
lemma (1.5.1), we may assume that this r-jet is r-reduced and still
satisfies the condition Kx ,x) 0. However, by (i), the r-jet is1. 2
an i—product, contradicting the condition K (xx) 0.
CHAPTER 2
Kuranishi's Method on S2x S2
In chapter 1, we have seen that if gQ is a product metric on
2 2
S x S without infinitesimal isometry, there is no deformation of g
o
which is of positive sectional curvature.
2 2
There is however a special metric on S x S obtained from a
3
natural submersion of the frame bundle of S. Kuranishi's idea is to
deform this metric to one with positive sectional curvature, and his
method is of much interest. In this chapter, we give a presentation of
his work (c.f. [Kur]). Unfortunately, we have to use notations
different from there in chapter 1. These notations will be explained
as they arise.
2. 1 A Formula for The Sectional Curvature.
(2.1.1) Let (M,g) be a smooth Riemannian manifold. In terms of local
cof rame {u,... twm}, we write
(1)
The matrix (g) plays an important role in the following
computations, and will be denoted by g. For£= and
7) =(t),..., 7)) in IR, we denote by the standard inner product,
and also
(2)
for a symmetric matrix a= (a..), l i,j m. £,t) depends on pe Mi J a
when £,7} and a do so. Let w be the CR -valued 1-form (w,... ,wm), and




Let be the dual frame of For any
[Rm-valued function£ on M, define by
(4)
for any tj, e and pe M. Hence
(5)
are tangent vector fields. Also, define linear map
depending on pe M by
(6) dw(Y,Z)= 0(w(Y))«(Z),
(2.1.2) The Lbvi-Civita connection V with respect to g is given by
By (5) and (6),
tr
Let A (resp. A) be the adjoint with respect to the metric defined by
Cg1 (p)) (resp. standard metric) on [Rm for Ae Hom(IRm, [Rm). Therefore,
A depends on p such that A£,t? =£,A?) is valid at each point ofq Q
M.
Given a linear map we define the linear
map by Then
(7)
Using the abberviation we have
(8)












Now for the curvature tensor,
If we define (depending on
(16)
where£ is a smooth [Revalued funrti nn nn M f Hon
(17)







For orthonormal X Y, K(X,Y) becames the sectional curvature of the
g
plane tt={X,Y} with respect to g. Now if we denote also by g the linear
transformation:
of IRmdepending on p€ M, then and
for vector field Z. It is routine to check by above that
(2.1.3)THEOREM.






(26) (summing convention is used,)
REMARK.
a
When we use local coordinates for pe M, say p=(x,...,xm)
and then The chart expression of the coefficients of
are the Christoffel symbols. Thus becomes the standard
formula for sectional curvature with respect to g whenjx,Yjis a pair
of orthonormal tangent vectors.
A direct application of (2.1.3) to the case of the
Riemannian submersion gives the well-known O'Neill's formula.
(2. 1.4) Let M be a Riemannian submersion between two
Riemannian manifolds of dimension n m respectively
Let be a chart of M. Set for Then pick
so that the metric on N is given by
(27)
Since p is a Riemannian submersion,
(28)
is the metric on M. For we write with
(29)
If tangent vector field X in N is horizontal, £=0 for £=o(X). Denote
hy the 3(£)tj Cc.f. (6)) for N (similar for M), then
(30)
which implies $N(£) V depends only on 77. Consequently, for
horizontal X and Y with w(X)=£, w(Y)=t), 0 (€)U= B(£)€= B(rj)rj=0.
A direct checking gives
(31) (22))
where etc. and g is the matrix associated with
By the choice of us and and (28), we get
(32)
and (c.f. (30)) Also, it is not hard to check
Hence
For horizontal X,w(X)=Q,hence aw(X,Y)=-w([X, Y]). Finally we get
(2. 1.6)PROPOSITION.(O'Neill's formula) For a pair of horizontal
«•
vectors X and Y
where Py is the projection to the vertical part.
3 2 2
2.2 A Map From The Frame Bundle of S onto S x S.
(2.2.1) Let Q be the quaternion with the standard metric. We
consider the sphere S of radius 1a (a0) centered at the origin 0 in
For all
we identify with the subspace in
orthogonal to q. Let j, k be the standard basis of Q. A global
orthonormal frame field {r, cr, r} is obtained on S by setting12 3 a
(l)
Since for all q in S, q- r+xH-yj+zk. (r,x,y,z) can be regarded as a
chart on Q. Then
(2)
A simple calculation gives
(3)
where e(j,k,i)
+ 1, (j,k,l) is an even permutation of (1,2,3)
-1, (j,k,l) is an odd permutation of (1,2,3)
0, otherwise
Let be the coframe dual to we get
(4)
by observing that da(X, Y)=Xa( Y)-Ya(X)-cx( [X, Y]).
We regard as positively oriented. Let F(S) be01
the bundle of orthonormal positively oriented frames. The orthogonal
group of positive determinant 0+(3) acts as the right operation R,
with A global chart is
thus given by
(5)
which is called the sta.nda.rd chart. Then R is expressed by
O
(6) (q, h) i (q, hh)O
where
in this chart. Define 1-forms on F(S) byd
(7)




It follows from the fact: that
(10)









Exterior differentiating (11) and use (10), we obtain
(15)
For (7) and (12) give
(16)
Let be the basis of tangent vectors to F(S) dual
to Then we deduce from (16) that
(17)








Since cr, cr, cr is defined by multiplication of i, j, k from the right,1 2 3
we have
(19)
is an isometry of S and thus induces a bundle map
a
(20)
over In the standard chart, if u
then by Therefore, is given by
(21)
Since($ )r =cr, we see by the uniqueness of the Levi-Civita
t j j_
i i i i
connection that($) w= w,(£) w= w.
t t
STEP 2:




By (8), the expression of in the standard chart is given byS
(24) (q,h) (q,h exp(sA)).
Thus, we get by (17) that
(25)
In view of (21) and (24),
(26)
holds. Hence acts on F(S) by
a
(27) mod
(2.2.3) To construct the map we first identify
with a subspace of Q by Then a
non-zero qe Q acts as orthogonal transformation by
(28)
3
Let {e ,e ,e} be the standard basis of R, the smooth map p is12 3
defined by
(29)
(2. 2. 4)PR0P0SITI0N. induces a diffeomorphism of F(S )T2 with
a
S2x S2. In particular p is a Riemannian submersion.
PROOF. The theorem follows immediately because {exp(sA): s€ IR(3)
is the isotropy group of e in 0+(3) and the centralizer of k in Q is
generated by 1 and k.
(2.2.5) Finally, we determine the set of vertical vectors, i.e.
Ker(dp). Observe that vertical vectors at ue M is generated by the
tangent vectors at parameter zero for the curves
(30)
which are denoted by -V and, respectively. In the standard chart,
(31
It follows from (7), (12) and the definition of {E.,E7 that
(32)
where is the component of the orthogonal matrix
Note that h exp
2
=h+shA mod s, so a similar argument
as above gives that
(33)
(2. 2. 6)PROPOSITION. The vertical vectors are generated by V and V
given in (32) and (33).
2.3 Critical Planes to The Frame Bundle of S3.
(2.3.1) Let P=(P), Q=(Q) and R=(R) be smooth symmetric 3x3jk jk jk
matrix-valued functions on F(S). In this section, we shall consider a
a
Riemannian metric on F(S) of the form
(i)
If g is T2-invariant, it induces a metric on S2x S2=F(S)T2 such that
p is a Riemannian submersion. We want to find P,Q and R such that the
metric induced on S2x S2 has positive sectional curvature. Kuranishi
try to find such metric by deforming the following metric on FtSj:
(2)
For , we write with and
So, for X tangent to F(S),
a
where
and Using the indices
the matrix g of g can be written as




If we introduce P,R and Q to represent g 1, then
(4)
(2.3.2) Consider the case when g is a small deformation of I, i.e.6
(5)





Note that and depends on e with
(8) mod
v
To analyze the problem, we first calculate K(X,Y) by
applying theorem (2.1.3) for M=F(S), m=6.a
(2.3.3)CALCULATION OF K (X,Y)
SETP 1:
3
Let x denotes the cross product operation in R. Let X,Y
be vector fields on F(S) with w(X)=£ and w(Y)=t?. Then (6) in§ 2.1
a
and both (14), (15) in§ 2.2 imply that
(9)











For x,y= !R, x,y stands for the standard inner product of
x 8e y. For a symmetric 3x3 matrix F, we set x,y =x,Fy. When F is
r
2
positive definite, we write (IlxllJ =x,x.
FACT.
3
Let F be a symmetric 3x3 matrix, for any u,x,y,ze !R,
We set
(17)
Making use of (12)—(16), relation and the above FACT,




We observe by (12) that
(19)




CONVENTION. Let f be a smooth function on F(S) and 3 be an ideal
a
containing f. Then instead of o(|f|) we shall write= 0 mod 3. We
denote by J the ideal generated by components of f, IT' IT.







(N. B. we still use to denote standard inner product in [R.)





where FrFn, and Fn„ can be calculated by B' In (18) and B in (22).
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By (4) in = 0 mod We get by (11) in
that 0 mod So (23)-(26) in§ 2.1 imply
mod
(2.3.5)PROPOSITION. mod
REMARK. Take we see from (2.3.5) that
is the sectional curvature with respect to g (c.f.(2)) of the plane
generated by where are vector fields such that
Let n be the plane generated by
X,Y. Then the above observation implies that for
(26)
is well-defined and independent of the choice of generator {X,Y where
and J) is defined by (4).
(2.3.6)DEFINITI0N. A tangent plane n to F(S) is called critical01
(for the metric g) when K°(tt)= 0.
(2.3.7)PROPOSITION. A tangent plane n to F(S) (oai) is critical iff
it is generated by X,Y such that
(27)
PROOF. By (23), 7i is critical when
depend linearly on a vector, say e'
(resp. e). If one of the e' and e is zero,£ and 77 become linearly
dependent, so X and Y do not span a plane. If e' and e are linearly
independent, r=0 implies that and 77 are linearly dependent which is
also impossible. Thus the only possible case is that both e' and e
A A A A
are nonzero and linearly dependent, therefore, tj' an3 v are
linearly dependent. Then it is easy to find a generator as in (27).
The converse is trivial.
(2.3.8) Observe that K°(71)0 if ae (0,1). (c.f. (26)) We consider
for the rest of this chapter ae (0,1).
2
Assume g is T -invariant. Let n be a horizontal tangent
plane to F(S) with respect to g, i.e. 7r is orthogonal to the
a —G
tangents to the fibers of the projection p. Let KC(7i) be the sectional
curvature of 7r with respect to g. To calculate the sectional
—G
curvature KC(dp7r) of dpTr with respect to the induced metric g. (abuse
of notation), we extend tt to a field of horizontal tangent planes
defined on an open set in F(S). Let X,Y be fields of horizontal




The formulas we developed reduce the checking of the
positivity of K (dpjt) to a neighborhood of the set of horizontal
critical planes. Namely, we set for 8 0
(30) horizontal planes n to
Since we can always find orthonormal generator {X,Y with respect to
g, we see by proposition (2.3.5) the following:
—c
(2. 3. 9)PROPOSITION. Let 0 and 0 be fixed. Then there is K 0
l
such that for any ce (0,) and for any horizontal plane n£
Kuranishi's aim is to find ft,Q,ft such that the metric g
satisfies the following:
(2.3.10)CONDITION. There is 0, K 0 and 0 such that, for
any and for any there is a generator of 7i such
that
(31)
If do so, We see easily from proposition (2.3.9) that
(2.3.11)THEOREM. Assume that there are 3x3 matrix-valued smooth
functions ft, Q and ft on F(S) such that the metric g on F(S) given ind.
2- ii
(2 3.2) is invariant under the action ci T defined in§ 2.2. Assume
further that the one-parameter family of the metric g satisfies the
CONDITION!.2.3.10). Then there is £q 0 such that for any ee (0,e) the
metric on S2x S2 induced by g has positive sectional curvatures.
REMARK. It is known (c.f. chapter 1, [Ber 1][B,DS 1]) that there
is no deformation (depending on a parameter c) of the product metric
on a compact product manifold which has sectional curvature cK
(K 0). Kuranishi point out in [Kur] that the same statement can also
be proved for a wide family of deformations of g given in (2). This
—o
is the reason why e2 appears on the right hand side of (31).
(2.3.12)QUESTIONS.
QUESTION 1. Can one find ft,Q and ft on F(S) such that the metric g
a —c
on F(S) given by (2.3.2) is invariant under the actiond
of T2 defined in§ 2.2?
QUESTION 2. Can one find a we11-controlled one-parameter family of
metrics g which satisfies the CONDITION (2.3.10)?
—e
2
2.4 T -invariant Metrics and Neighborhood of The Horizontal
Critical Planes.
(2.4.1) In the following, we suggest a method of constructing
2
T -invariant metrics on F(S). A
Let (with respect to the standard metric).
3
The components of elements in the standard coordinates of IR are
denoted by upper suffices. We write
(1)
to denote a general element in S x S where the identification in the
right hand side is in terms of projection p discussed in (2.2.2). Let
T;p(S) s be the projection of the frame bundle. Then h=(lr|)= 0 (3)
a a
represents the fiber chart of t in terms of the standard chart on
F(S). (c.f.§ 2.2)
a
Instead of x°p y°P we simply wpite x and y respectively.




(2.4.2) Let P and R 2be T -invariant 3x3




Then the quadratic form (1) in§ 2.3 is T2-invariant.
PROOF. Since$ and$ generate the operation of T2. (c.f. (27)L S
2.2) By (21)§ 2.2, leaves h-component as well as invariant.
Thus the quadratic form is invariant under Now ((24)§ 2.2)
sends h to h exp (sA(3)) and (h exp
(c.f.(6)§ 2.2) Then (25)§ 2.2 implies that 4 also leaves the
quadratic form invariant. Hence result follows.
2
The above observation prompts us to consider S -valued
function on F(S) defined by
a
(2)




Thus it follows from elementary vector algebra in !R that
(2.4.3)PROPOSITION. and are
3
orthonormal bases of R and
(5)
2
For A and B in K, A®B is the matrix defined by
(6)
We define P,Q and R by using the following:
(2.4.4)PROPOSITION. Let f, f and f be function in x. v. Let0 12——
C
where I is the identity matrix in IR3. Then C is symmetric and there
2
is a T -invariant 3x3 symmetric matrix-valued function C such that
PROOF. The assertion follows simply when we check the formula by
(2) with
REMARK. The previous construction has actually been used by
Kuranishi in formulating a one-parameter family of metric g in order
—G
to fit the CONDITION proposed in (2.3.10). This involves a very
complicated calculation of the sectional curvatures on both F(S) and
a
Sx S2, but an affairmative answer has not been obtained, i.e.,
QUESTION 2 in (2.3.12) is still an open problem! (c.f. [Kur])
However, it is of interest to get a deeper understanding at the
neighborhood U£ g of horizontial critical planes which we shall
discuss as the ending of this chapter, (c.f.(29)(30)§ 2.3)
(2.4.5) To study elements in U£ g for general P,Q and R, we first
write down in terms of x and y the equation of horizontal vectors.
Recall that the vertical vector is generated by V and V. Since
and
(2. 4. 6)PROPOSITION. For a tangent vector U of F(S) with
a
and
U is horizontal with respect
to the metric g iff
PROOF. By and Then the assertion
follows from the fact
(2.4.7)PROPOSITION. Let f€ F(S) be such that x(f)y(f). Then a— a——
horizontal plane n at f is critical iff it is generated by {X,Y} such
that
PROOF. We see by proposition (2.3.7) that a critical plane n is
generated by X,Y such that w(X)=(w,0) and w(Y)=(0,w) for w(0)€ R3. By
(2.4.6), w,x=w,y=0 when X and Y are horizontal. Because xy at f,
we deduce that w is parallel to z.
The above proof also infer the following:
(2.4.8)PROPOSITION. Let fe F(S) be such that x(f)=y(f). Then a— a——
horizontal plane at f is critical iff it is generated by X and Y such
that
We next study neighborhoods of the set of horizontal
critical planes which lie outside a neighborhood of the diagonal in
c2 c2S x S.
(2. 4.9)DEFINITI0N. Let 52 be the set of horizontal planes n with the
following properties:
(i) 7i is at f with x(f)y(f).
(ii) 7r is generated by X,Y such that
(in particular, and
(2. 4. 10)PROPOSITION. SB is dense in the manifold of horizontal planes
to F(S).
a
PROOF Let G be an open set in the above manifold. Then we can
obviously find tt at f in G with x(f)y(f). By virtue of (2.4.6), if A
is a horizontal tangent vector f, then the tangent vectors A and A
- 12
at f with
are also horizontal for any real A. Let {X,Y be a generator for n. If
I o (Y), z(f)| =0, we replace Y by Y as above for sufficiently small
A' such that the new plane will be still in G. Hence we may assume
w(Y),z(f)0. Also we can replace X by X-0Y for a suitable 0 so that
we can assume w(X),z(f)=0. If w'(X),z(f)=0, we consider X as
-- 2
above for sufficiently small A. Therefore by changing n if necessary,
we may assume in addition w'(X),z(f)0. We than change Y to Y-0'X for
a suitable 0' so that w'(Y),z(f)=0.
(2.4.11)PROPOSITION. A horizontal plane tt is in SB iff z0 ana for a
is generated by X,Y such that
Such X and Y are uniquely determined by 7T€ SB.
PROOF. By (2.4.6) and (5), n as above is trivially horizontal and
cleanly belongs to SB. Conversely, let n be in SB. Let {X,Y be a
generator as in (2.4.9)(ii). Replacing X by X-rY for a suitable r we
may assume §,z=0. We then replace Y by Y-r'X for a suitable r' so
that T)z=0. We can assume§', z=ri, z= I z| 2 by changing scalar
factors of X and Y. Since X and Y are horizontal, the first equation
in (2.4.6) implies that and are as in our PROPOSITION. Then
and follows from (5). Finally the second




Since {U 8 0} is a basis of neighborhoods of the set of critical
planes and ffi is open, (2.4.7) implies that for a given 8 0, there
is 8 0 (which is independent of e but may depend on a) such that
(9)




Using proposition (2.3.4) (2.4.11), the definition of (U and
' l
(10)-(12), it is not hard to show that








The Willmore Functional and The First Eigenvalue
3. 1 Total Curvature in Riemannian Geometry.
(3.1.1) In the classical theory of surfaces in IR, the two most
important curvatures are the Gauss curvature G and the mean curvature
H. The former is intrinsic and the latter is extrinsic. The
Gauss-Bonnet formula
(1)
where %(M) denotes the Euler characterisic of the compact oriented
surface M, is a crucial step from local to global geometry.
The study of total absolute curvature begins with the
inequality of Fenchel, Fary and Borsuk (c.f. [Fen][Bor]): For a
mn
closed smooth curve o in IR
(2)
where k is the curvature of cr. Moreover, equality holds iff cr is a
plane convex curve. The inequality is improved by Fary and Milnor
(c.f. [Far ][Mil]) for knotted curve cr in IRn:
(3)
Chern and Lashof generalize these results to submanifolds in
Euclidean space.(c. f.[ ChLa lj,[ChLa 2]) Let fiM® lRm+N be an
isometric immersion of a closed m-dimensional manifold M™ into (Rm+N.
Consider
(4)
where K(p,e) is the Lipschitz-Killing curvature of f at (p,e) and the
integration is carried out over the (N—1) sphere of unit normal
vectors at f(p). The total absolute curvature of f is then defined by
(5) TA(f)
Chern and Lashof show that TA(f) 2, and TA(f)= 2 iff M™ is embedded
in an (m+1)-dimensional linear subspace of IRm+N as a convex
hypersurface. They also prove that
(6) TA(f) 2: MM®)
where bCM80)= J] b (M) is the sum of the Betti numbers of M1. We• i i
mention in passing that this inequality leads to the important notion
of tight immersion, which serves as a natural generalization of
convexity.
For a closed surface M of genus g, (6) reduces to
(7)
This inequality is improved by R.Langevin and H.Rosenburg
3
(c.f.[La Ro]) for a knotted torus T in R:
(8)
The equality sign is later removed by Kuiper and Meeks. (c. f.[ Ku Me])
(3.1.2) The integrals involving the mean curvature have not received
much attention for the obvious reason that the mean curvature is not
intrinsic. In 1960's, Willmore introduced the following functional.
(3. 1.3) DEFINITI ON. Let f be an immersion of a closed surface M in [R3,
f(f)
where dV is the volume element induced from [R3, is called the Willmore
functional of M under f. (c.f.[Wil 4] p. 145)
(3. 1.4)THEOREM.(Wi1lmore)(c.f.[Wil 1] [Wil 2])
W(f)£ 4tt.
Equality holds iff M is embedded as the standard round sphere.
PROOF.
3
Let k ,k be the principal curvatures of M in R.
12
h2-g Then
where the last inequality follows by adding (1) (6). Moreover,
equality holds iff k=k everywhere iff M is the round sphere.2 2
(3. 1.5) A problem suggested by Willmore is to determine
tf(M)= inf WCf)
f
for a given closed surface M over all immersions f of M into [R.
Now even for closed surfaces of genus one, the problem is
still open. We have the following
Willmore Conjecture: W(T2)= 2ir2.
Wi11more bases his conjecture on the following results.
FACT. (Shiohana,Takagi Willmore)
Let T be a torus embedded in IR3 as a tube of constant
circular cross-section. More precisely, let the embedded surface be
formed by carrying a (small) circle round a closed space curve cr (for
which k 0) such that the centre moves along the curve and the plane
of the circle which is in the normal plane to the curve at each point.
r 2 2
Then H dV£ 2ny equality holds iff the generating curve is a circleJ
and the ratio of the radii is 1:V2.
The proof is straight forward computation, (c.f.[ShTa] and
tWil 3])
FACT. (B-Y Chen Willmore) (c.f.[Wil 5])
3
Let T be a knotted torus in IR. Then
This can be obtained as corollary of the Kuiper-Meeks
inequality For, adding this inequality to
we get Then
Although the Willmore conjecture is still open, there has9
been significant recent progress, relating the conjecture to conformal
geometry and the eigenvalues of the Laplacian. We shall first consider
the relation with X in the next section.
3.2 The Willmore Functional and The First Eigenvalue X.
Throughout this section we use the convention:
det
for the Laplacian A defined on the Riemannian manifold (M,g). Thus
for the a-th eigenfunction
(3.2.1) Let fiM™ [Rn be an isometric immersion of m-dimensional
manifold M into [Rn. If {X} are the coordinate functions of iRn
i 1—i—n
with the standard basis {e}, then it is well known thati lin
(1)
where OH is the mean curvature vector, and.,. is the standard inner
product in [Rn. Clearly, (1) implies
(2)
where H2= [H, DH. By translating the origin of lRn to the centre of
mass of M, we can assume
(3)
If we expand the X.'s in terms of the eigenfunctions {4} of M, say
(4)
the assumption (3) simply means 0 for all i. Then
(5)
since As f is an isometric immersion,
(6)
The case m-2 has been obtained by Bleeker, Weiner and Reilly
that
(7)
This is a crucial property of the Willmore functional.
Working the above idea for a flat torus, we obtain:
(3.2.2)THEOREM. (Li and Yau) Let M be the flat torus defined by the
lattice where 0 Suppose that
M is isometrically immersed in [Rn. Then
(8)




By assumption, the dual lattice r of V has generators (0,—)
y
and It is well known that
2
the eigenfunctions on M when lifted to !R are functions of the form
(9) cos(2ttv, w)
the eigenvalues are where each has multiplicity 2 unless
v= zero vector in IR. (c. f. [B, GM]) Besides the following algebraic
inequalities
(10)
hold for (r,s)e ZxZ with and
To complete the proof, we estimate the quantities in (2)
under the assumption (3). In terms of the nonconstant eigenfunctions,
tin
By using (10), we get in view of observation in (3.2.1) that
(12)
As the induced metric is flat, we get for any orthonormal frame {e ,e}1 O
Now if we take e and E to be the canonical directions correspondingA cL
2
to the coordinates in [R, then
Therefore, (12) becomes
as V(M)=y. Hence, we prove our theorem by (2).
(3.2.3)REMARKS.
(i) Li and Yau claim in [LiYauJ that the inequality is sharp,
and is achieved by the isometric embedding of the torus with%
f={(1,0),(0,y) through the eigenfunctions
A A A 2
into IR with x and y the coordinates in [R.
(ii) A similar lower bound of can be obtained for a A.
compact flat manifold M of dimension 2. This is done by covering M
with a flat torus and computing the eigenvalues and eigenfunctions of
the flat torus.
CHAPTER 4
Conformal Geometry and The Willmore Conjecture
4. 1 Conformal Invariants.
In this section all immersions are assumed to be isometric.
(4.1.1) Let f:H M° be an immersion of a m-dimensional manifold
in a n-dimensional Riemarmian manifold. If V and V aire the Levi-Civita»
connections on M and M respectively, then the second fundamental form
h is given by
(1) (Gauss formula)
It is well known that h(X,Y) is a normal vector field on M and is




where -A (X) and V£ denote the tangential and normal components of
€ x
V£ respectively. Then V is the connection on the normal bundle NM ofX
M in M with
(3)
scalar product on M)
The mean curvature vector [H is thus given by
(4)
(4.1.2) Let be a smooth positive function on (M,g),
(5)
defines a new Riemannian metric on M which preserves the angle between
two tangent vectors at any point. We call this a conformal change of
metric. If C, is a constant, the corresponding conf ormal change is
called homothetic.
—
For the Riemannian connections V and V associated with g
_
and g, we have
(6)
where and U is the vector field defined by
(7)
Denote by g and g the induced metrics on M, we have for any
and
(8)
Making use of (2), we get
(9) or
where is the normal connection of M in (M,g)(resp.(M,g))
and I is the identity map on NM. Consequently, the corresponding
_L _L
normal curvatures R and R satisfy
(10)
Hence, it follows from the definition of the Lie brecket thnt
(4. 1. 3) PROPOSITION. (B-Y Chen) (c.f.[Chen 3]) For a subrnanif old M of a
Riemannian manifold M, the normal curvature tensor R is a conformal
invariant.
(4.1.4) Consider the second fundamental forms h and h of M in (M,g)
and (M,g) respectivity, we get by (6) that
(11)
where U1 is the normal component of U restricted on M. Thus
(12)
Let e ,...,e be principal directions of with respect to g, then1 m
-1 -1
(5) and (12) imply that C, e e are orthonormal vector fields1 m
of M which are in the principal directions of with respect to g.
s
If we denote by k (£),...,k(£) (resp. k (£),...,k(£)) the principal1 ID 1 m
curvatures of A (resp. A). Then from (12),
(13)
Observe that if£ is a unit normal vector with respect to g, then
' is a unit normal vector with respect to g. Moreover,
Thus (13) gives . So
(14)
Now take an orthonormal frame field in NM with respect




it is estsily to see S is well-defined. We call the extrinsic0
scalar curvature with respect to g. If (M,g) is of constant sectional
curvature K', the Gauss formula implies S =S-K' where S is the scalar
e
curvature of (M, g). When M is 2-dimensional, S relates to the Gauss
e
curvature G of M by
(17)
where K(p) denotes the sectional curvature of TM with respect to g
for p€ M. Similarly, we have the corresponding (15) and (16) for (H
. —
and S with respect to g. Thus (14) implies
(4. 1.5)PROPOSITION.(B-Y Chen) Let M be a m-dimensional submanifold of
—— 2
a Riemannian manifold (M, g). Then (H -S )g is invariant under any
o
conformal change of metric. In particular,
(18)
is a conformal invariant.
If M is 2-dimensional, (4.1.5) gives
(4. 1. 6PROPOSITION. Let M be a compact surface with smooth boundary SM
having geodesic curvature k in a Riemannian manifold (M,g), then
2
(19)
is a conformal invariant.
PROOF. By (4.1.5)( 17), we have is a conformal
invariant. Thus the assertion follows from the fact that
is a topological invariant.
By assuming the ambient space to be a real space form„
(4.1.6) implies
(4. 1.7)COROLLARY. Let M be a closed surface in Rn and}) a
diffeomorphism of [R which induces a conformal change of metric on [Rn,
we have
(20)
This corollary was proved by Blaschke, White and B-Y Chen
(c.f.[Bla],[Whi][Chen 2]) by using elementary calculation and the
result of Haantjes saying that a conformal mapping on IRn can be
decomposed into a product of similarity transformations (i.e. motions
and ho mo the tics in !Rn) and inversions.
We end this section by making the following important remark
on the Willmore functional.
(4. 1. 8)COROLLARY. The infimum of the Willmore functional is
3
determined only up to a conformal transformation in R.
4.2 The Conformal Area.
(4.2.1) In 1982, Li and Yau introduced an important conformal
invariant for a compact surface. Namely, they defined the conformal
area V (n,M) of a surface M in Sn and showed that V (n,M) i H2dV,
c. C JM
where equality holds iff M is the stereographic projected image of a
minimal surface. This seems to be important in the study of the
Willmore conjecture. We shall give a survey on their works in the rest
of this chapter. As the starting point we define the notion of
conformal volume and explain some of its useful properties.
(4.2.2) Let M be a m-dimensional compact manifold which admits a
conformal map(|) into the n~dimensional standard sphere S in the
Euclidean space
2 2
Let ds (resp.dsQ) be the metric on M (resp.Sn).
We have
(1)
where a is a non-degenerate function on M.
Let be the group of conformal diffeomorphisms of Sn, then
the n-conformal volume of{) is defined by
(2) sup
where dV is the volume element associated with Since
is conformal, we have for some
non-degenerate functions 13 defined on M. Therefore,q
(2') sup
The n-conformal volume of M is then defined to be
(3) inf
where (j runs over all non-degenerate conformal mappings of M into Sn.
(4.2.A)FACT 1.
PROOF. We regard s as an equatorial sphere of Sn+1, a conformal
map can be viewed as a conformal mapping of M into
As all conformal diffeomorphisms from Sn+1 into Sn+1 map spheres
into spheres, we have V (n,d))=V (n+l,J). Thus result follows fromc c
the definition of Vc(n,M).
(4.2. 5)DEFINITION. We define the conformal volume of M to be
(4)
It follows from definition that V (n,M) and V (M) are conformalC L
invariants. When M is a compact surface, we call V(M) (resp. V(n, M))
the conformal area (resp. n-conformal area) of M.
(4.2.6)FACT 2. If M admits a degree d conformal map onto another
manifold N, then
(5) V (n,M) Id|V (n,N).
c c
Our assumption about the degree is that, in general, d points of M
will map to one point of N, so (5) follows trivially from definition.
(4.2.7)F;4CT 3. If dim M=m, then
(6)
PROOF. Let 0 be a point on Sn. It determines a unit vector field of
parallel vectors in [Rn+1. By restricting the field on Sn and
projecting it on T Sn for all pe Sn, we obtain a field of tangent
P
vectors vanishing at both 0 and -0. The conformal 1-parameter subgroup
g (t)e of this tangent vector field fixes 0 and -0 for all t, also0
(7) 1 im
Note that g' s correspond to homotheties of Rn by stereographic0
projections with poles at 0's. Thus, if xe M and({): M Sn is a
conformal maD whose differential at x is of rank m. The value forJL
will tend to some non-trivial integral multiple of
volume of S as t—». Since g,, ,(t) has the same effect as blowing
-qnxj
up the picture on the tangent space of S° at (j)(x), we call such
procedure as blowing up at the point cj(x). The fact for
V (n,Sm)=V(Sm) will be discussed at§ 4.3. a
c
Using the blowing up arguments as above, we get
(4.2.8)Fj4CT 4. If M is of dimension m, and p: M» Sn is a conformal
map with the property that there exist exactly k distinct points on M,
(x such that p(x )=p= Sn for lik, then V (n,p) kV(Sm).
(4.2.9) Since any compact surface Z can be conformally branched over
S2 or [RP2. By (4.2.7),
(8)
also it will be seen in§ 4.4 that
(9) V (n,IRP2)= 6tt, n4.U
If Z is compact orientable surface without boundary and of
genus g(Z), we can choose by Riemann-Roch theorem a conformal map onto
S2 of degree (g(Z)+l). Hence
(10) V (n,Z) (g(E) +1) V (S2)= 4(g(Z)+ l )jt, n2.
u c
When Z is non-orientable, by passing to its 2-fold cover Z
and making use of (9), Li and Yau show that
(11)
2
Note that we do not compute V (3,[RP). However, arguments in§ 4.4
c
show that V (3, IRP2)87r.
c
When the manifold has non-trivial boundary, we can define
V (n,M) in the same way as above. Then it is obvious that0
(4.2. 10)Fi4CT 5. When M is a submanifold of another manifold N,
(12) V (n, M) V (n,N).
c c
Thus, in view of (4.2.9), for any compact surface Z with boundary, we
can obtain an upper estimate of V (n,Z) by embedding Z conformally
into another compact surface Z' without boundary such that each
component of 9Z bounds a disk in Z. So (4.2.9) and (4.2.10) imply
(4. 2. 11)PR0P0SITI0N. The conformal area of any compact surface has
an upper estimate depending only on the topology of the surface.
For convenience, we set in§ 4.3 and§ 4.4 that
4.3 First Eigenvalue Revisited.
(4.3.1) We fix our notation by using ds2,|.|, V and dV (resp. ds2,
I lQ dVQ) to denote the metric, norm, connection and volume
element on compact surface M (resp.Sn).£ will be the conformal group
of Sn. Following closely to Li and Yau's arguments, we utilize the
relation between A and V (n,M) on a compact surface M.l c
Recall the well-known minimax property of the first nonzero
eigenvalue A on M:
(1) (The Rayleigh quotient)
where the infimum is taken over all continuous functions such that
I fdV=0. Let X, lin+i be coordinate functions of lRn+1. The relation
M
between A and V (n,M) comes from the following basic observation on
1 c
the choice of particular trial functions in (1).
(4. 3. 2) PROPOSITI ON. For any conformal map|: M Sn, there exists
ge such that
(2)
PROOF. Note that the action of on Sn can be extended to the unit
ball Bn+1 with 5Bn+ 1=Sn in [Rn+1. The isotropy subgroup at the origin
of Sn is just 0(n+l). For a point Ae Bn+1{0, we get a vector field
on IRn+1 by parallel displacement of AIIAII. We restrict and then
project it onto the tangent space of each point of Sn. The conformal
vector field so obtained extends to a conformal vector field on Bn+1.
This field generates a 1-parameter family of conformal automorphisms
n+
of B onto itself. In this family, there exists a unique conformal
automorphism g which maps the origin to A. Hence the construction
gives rise to an embedding of Bn+1 into£?, which we denote by F.
We now define a map H from F(Bn+1) to Bn+1 in the following
manner. To each ge F(Bn+1), we associate the point of Bn+1 given by
H(g)
where the expression in the right hand side is a vector in Bn+1 with
1 P n+1
its i-th component equals to....... (X ogo(J))dV. Clearly H©F maps Bn+
VIMJ i T g
into itself, and when prolonged by continuity to 3Bn+1=Sn is the
identity map.( n.b. The 1-parameter family will flow all points on
Bn+1{-A} to Ae 3Bn+1 when t—xo.) By Brouwer fixed point theorem, H°F
is surjective. Hence there exists an element ge such that (2) is
satisfied.
(4.3.3) Now take conformal map (j): M Sn such that
(3)
We choose by (4.3.2) the corresponding ge for (f). Note that for a
function f on M, J |Vf|2dV is invariant under conformal change ofM




On the other hand,
1• By (1), we have
when
(4.3.4)THEOREM. Let M be a compact surface (possibly with
boundary).Let be its first non-zero eigenvalue for the Laplacian
(with Neumann boundary condition if dM is nonempty). Then
(6)
for all n when V (n,M) is defined (i.e. there exists a conformal
mapping
The above estimate is sharp. In fact we pass on to
(4.3.5)THEOREM. With the same assumption as (4.3.4), if equality
holds in (6), then M must be a minimal surface of Sn. Moreover, the
immersion is given by a subspace of the first eigenspace.
PROOF. Again, we follow closely the arguments of Li and Yau. By
introducing a suitable scaling factor, we can assume A=2 hence
equality (6) implies
(7) V(M)= V (n,M).
c
Take a sequence of conformal maps such that
(8)
Furthermore, by choosing appropriate coordinates, we may assume for
some K
(9) lim 1 im




Besides, the equality V(M) gives that
(12] V(M)
So assumption (7) implies that the inequalities in (10)
become equalities when k 00. By standard theory of So bo lev space,
and by passing to subsequence, we can assume the function X d)
i' k
converges weakly in H CM) and strongly in L (M) to some function.
y 2 i
It is obvious that
(13) almost everywhere
Again, (10) gives the following:
(14)
Therefore, the sequence in fact converges to strongly in
and are the first
eigenfunctions on M (n.b. A=2$., iin+i is the equation of minimal
surface in Sn if the immersion is isometric.) Thus, by elliptic
regularity, V is smooth. In particular, the map(¥) defines ai IN
N—1
smooth conformal mapping of M in S. To conclude our theorem, we
show that this conformal immersion is an isometry. Indeed, taking
Laplacian of (13), we have Together with
the fact that is conformal, we conclude that it must be an
isometry. Then els observed above that satisfies the
N—1
equation of the minimal surface in S. Hence M is a minimal surface
whose immersion is given by a subspace of the first eigenspace.
(4. 3. 6)COROLLARY. Let M be a compact orientable surface of genus g,
then
(15) A V(M) 87i(l+g).
PROOF.
From theorem (4.3.4), it suffices to find an upper bound for
VcCM). By virtue of the Riemann-Roch theorem, there exists a conformal
branch covering map(: M S2 of M over S2 with |deg(J) |(l+g).
Hence result follows from FACT 2 (4.2.6).
(4.3.7)COROLLARY. Let M be a compact surface of genus 1. If M is
conformally equivalent to a flat torus T with lattice r generated by
(1,0) and (x,y) where and then
(16)
PROOF. Since V (M) is a conformal invariant, by (4.3.4), it0
suffices to prove that
(17)
where ACT) and V(T) are computed with respect to the flat metric. The
area of the parallelogram of the lattice is just lxy=y, i.e. V(T)=y.
Moreover, it can be computed (c.f.[Wil 5]) that
(18)
where Hence we get
which was to be proved.
( k.b. Equality holds for torus generated by the unit square)
We remark that (4.3.4) can be generalized to m-dimensional
compact manifold, (c. f. [LiYau]) Also in view of (7) in§ 3.2
However (4.3.4) says that V (n,M)V
so it is
of interest to know what is the relation between for
a compact surface M. In fact we shall answer this question in the
coming section.
•4 The Willmore Conjecture and Conformal Area.
(4.4.1) We now return to our main theme, the Willmore conjecture.
Let M be a compact surface without boundary. We allow M to be immersed
in any [R (n3). The linking between the concept of V (n,M) and f H2dV
C M
is the following essential basic observation:
(4.4.2)LEMMA. Let M be a compact surface immersed in IRn. Then
(1)
Moreover, equality implies that M is the image of a minimal surface
in Sn under a suitable stereographic projection.
PROOF. Using the inverse of stereographic projection, one forms a
conformal immersion (j) of M into Sn. Compositing with a suitable
Mobius transformation, one may assume that the area of (})(M) is equal
to V (n,j). From (4.1.6),
(2)
This implies (1) by definition of V (n, M).w
It follows immediately from (4.3.4) and (4.4.2) that
(4.4.3)LEMMA. Let M be a compact surface in !Rn. Then
(3)
where sup is taken over any metric which is conformally equivalent to
the induced metric from Rn.
In view of (4.4.2), to estimate[ H2dV, it is of interest to
M
calculate the conformal area of a compact surface. The following
observation is thus important.
(4. 4.4)PROPOSITION. Let M be a compact minimal surface (n.b. without
boundary) of S given by an isometric immersion (f): M Sn. Then we
have
(4) V(M)
PROOF. Since (4.1.6) implies that for any
Now, M is minimal,
VCM)
for all g=. By definition,
However V(M) is always true,thus result follows.
(4.4.5)COROLLARY. Let M be a compact minimal surface immersed in
n 2 2
S by (J) with the induced metric ds. Let ds be any metric which is
2
conformally equivalent to ds, then
where and stand for the first eigenvalue and the volume
2 t
computed with respect to ds. Moreover, if the minimal immersion 0 is
given by a subspace of the first eigenspace, i.e., A=2, then
PROOF. The first part of the result follows from theorem (4.3.4)
and proposition (4.4.4). When A-2,
(5)
by theorem (4.3.4). By assumption and the definition of V (n,M),
(6)
Hence result follows by combining (5) and (6).
2 2
When M=S, the conformal structure of S is unique. So for
any metric ds2 on S2, X V(S2)£ 2Vc(S2) .This result was previously
proved by J.Hersch in 1970.(c.f.[Her])
(4.4.6)COROLLARY. Let ds2 be any metric in the real projective plane
IRP2. We have
If equality holds, then there exists a subspace of the first
2
eigenspace of the Laplacian for ds which gives an isometric minimal
2 4
immersion of !RP into S.
PROOF
2
Like the sphere, IRP has unique conformal structure. It is
2
well known that the first eigenspace of IRP with the standard metric
2
gives, up to a constant factor, an isometric minimal embedding of IRP
4
into S. This minimal embedding is the well-known Veronese surface,
which has volume 67r. Our corollary thus follows from (4.3.4) and
(4.4.4).
Since the flat square torus can be isometrically minimally
3
embedded into S by
where Ou, vVirr, and the functions are in the first eigenspace. Hence,
(4. 4. 7)COROLLARY. Let M be a compact surface without boundary and of
genus i. If the metric ds2 on M is conformally equivalent to the flat
square torus with lattice r generated by (1,0) and (0,1), then
A V(M)=s47r2. Equality implies M can be isometrical ly minimally immersed
into S3 by functions of the first eigenspace of the Laplacian.
Returning to the problem of estimating we have
(4.4.8)THEOREM.
2
Let M be a compact surface homeomorphic to IRP.
For any immersion of M into [Rn.
(7)
Equality implies that M is the image of a stereographic projection of
a minimal surface in S4 with X =2.
1
PROOF. It is a direct consequence of lemma(4.4.2) and corollary
(4.4.6).
(4.4. 9)THEOREM. Given a surface M of genus 1 in (Rn. If M is
conformally equivalent to one of the flat tori described in corollary
(4.3.7). Then
(8)
Equality implies that M must be conformally equivalent to the square
torus and that it is the image of a stereographic projection of a
3
minimal torus in S.
PROOF. The first part of theorem follows immediately from corollary
(4.3.7) and lemma (4.4.2). When equality holds, we see from the proof
of corollary (4.3.7) that M is conformally equivalent to a flat torus
T with lattice T generated by the two vectors v=(l,0) and w=(x,l) in
iR2. However, we conclude by theorem (4-3-5) that x must be zero,
because otherwise one checks easily that the first eigenspace does not
3
give an isometric minimal immersion into S. (e.g. we can consider the
lengths of two curves ti tv and ti tw, te (0,1) in T and lengths
of their images under elements in the first eigenspace which are
supposed to form the immerion. Then we find that condition x—0 is
essential for isomtric immersion). r
Up to now, we have transformed the question of estimating
f H2dV to the problem of estimating the n-conformal area of M. To go
M
on further, Li and Yau proposed the following:
(4.4. 10)CONJECTURE. If M can be conformally embedded as a minimal
3 r 2
surface in S, then H dV is not less than the area of this
M
minimal surface.
So far, this conjecture remains an open problem and so does
the Will more conjecture. However, we can give a lower bound of| H2dV
M
depending on the topological configuration of the surface M. Indeed,
in view of FACT 4 (4.2.8) and (2), we have
(4.4. 11) THEOREM. Let be an isometric immersion of
compact surface. If there exists a point pe [Rn such that
where the x 's are all distinct points in M. Theni
(9)
PROOF. Consider the conformal map where
is the inverse of the stereographic projection. By (2),
Hence result follows from FACT 4 (4.2.8) that
(4.4. 12)COROLLARY. Let be an isometric immersion of
compact surface with the property that
(10)
then p must be an embedding.
For the calculation of the conformal volume in the higher
dimensional manifolds and other related applications, we refer the
reader to [LiYau]. Finially, we get from (2), (4.4.8), (4.4.9), and
(4.4.11) the following corollaries:
(4.4. 13)COROLLARY. Let M be a compact surface homeomorphic to [RP2. If
M is a minimal surface in the unit sphere Sn, then
V(M)£ Sn= vol ume of the Veronese surface.
(4.4. 14)COROLLARY. Let M be a compact surface of genus 1. Suppose M
is conformally equivalent to one of the tori describe in corollary
(4.3.7). If M is minimal in the unit sphere Sn, then
V(M)£ 2n2.
(4. 4. 15)COROLLARY. Let 11: M Sn be a minimal immersion of a
compact surface M into the unit Sn. If there exists pe Sn be a point
such that p 1(p) consists of k distinct points of M. Then
V(M) 2: 4k7r.
In particular, if V(M) 8n, then p must be a minimal embedding.
CHAPTER 5
Variational Problems Related to The Willmore Functional
Let (M, g) be a m-dimensional Riemannian manifold. Then the
volume element dV of M can be written as 1 where is the Hodge
star operator with respect to g. In this chapter we use 1 instead of
dV for convenience. The convention for the Laplacian on functions is
5. 1 Variation of Mean Curvature Integrals on Hypersurfaces.
(5.1.1) In an attempt to gain more information about the infimum of
the integral[ H2l, B-Y Chen (c.f.[Chen 1]) suggested the following
M
variational problem.
Let M be a closed m-dimensional manifold, f: M™» Rm+1 be
an isometric immersion of M as a hypersurface in [Rm+1. For the mean
curvature H of M and consider the integral which can be viewed as a
generalization of the Willmore functional defined by
(1)
Consider a normal deformation f so that f (M) is obtained
v L
from f(M)= fQ(M) by a displacement along the normal direction for
Write
(2)
The hypersurface f(M) is said to be stable if 61=0. The Euler equation
was found by Chen to be
(3)
where A is the Laplacian of the metric induced on M and S is the
scalar curvature.
REMARK. When m=2, (3) reduces to
(4)
3
where G is the Gauss curvature of the surface M in R. In fact, (4)
can be found in an early paper by Thomsen in 1923. (c.f. [Tho]) It is
easy to verify that (4) is satisfied by H and G for torus of
revolution whose radii of generating circles are in the ratio 1:VZ.
Also (4) is trivially satisfied by H and G for the round sphere.
•k
(5. 1.2)DEFINITI0N. Given closed surface M, critical points f(M) of
the Willmore functional, which are characterized by Euler equation
(4), are called Willmore surfaces.
(5.1.3) Later on, Willmore and Thaveri (c.f.[WiTh]) consider the
more general case of isometric immersions of M as a hypersurface of an
arbitrary Riemannian manifold M of dimension m+1. If we denote by
(R) the Ricci tensor of M and S its scalar curvature. The Euler
equation corresponding to (3) is known to be
(5)
a,
where n s are the components of the unit normal vector field.
It is interesting to observe that (5) is only slightly more
complicated than (3). What is more important is that compact minimal
hypersurfaces corresponding trivial solutions of (5) may well exist
when the ambient space is Riemannian, whereas, it is well known that
compact minimal hypersurfaces of [R do not exist.
From (5), we can obtain result by imposing condition on the
Ricci tensor on M.
(5. 1.4)PR0P0SITI0N. Let m be odd and let M has positive definite Ricci
tensor, (e.g., M is a sphere) Then an isometric immension f:M M
which minimizes 1(f) is such that f(M) is a minimal hypersurface of M.
PROOF. The proof depends on the inequality
(6)
which can be established by Cauchy inequality and by diagonalizing the
second fundamental form with respect to an orthonormal frame field. By
(6), (5) can be written as
(7)
since is positive definite. Then Hopf's Lemma (c.f.[Wil 5] p.119)
implies 0, and hence H= constant. If H= 0, then f(M) is a
minimal hypersurface. If H 0, then we must have both
However, is positive definite, we get a contradition.
Further generalization of (5.1.1) on [H-variation, i.e.
variation along the direction of (H, can be found in [ChHo]. From now
on, we shall concentrate on the variational problem proposed by
¥y
Weiner. (c.f. [Weiner])
(5.1.5)DEFINITIQN. Let M be an orientable surface with or without
boundary 5M and f:M» M be an isometric immersion in Mn, a
n-dimensional Riemannian manifold. Define
(8)
where K(p) is the sectional curvature of T M in M, pe M and is the
p o
Hodge star operator induced on SM. (c.f.(4.1.6))
(5.1.6) Weiner consider (8) as the variation functional. Following
Weiner's approach, we shall present two results in the coming three
sections. Namely,
3
(i) There exists embedding of closed surfaces in !R with
arbitrary genus that satisfies (4).
(ii) Anchor rings whose radii are in the ratio 1:2 and surfaces
which differ from these anchor rings by conformal
3
transformations in [R constitute a stable minimal
k 3 k
submanifold of t in I (M, 1R), the space of c immersions of
3 k
the torus into !R with c topology, (n.b. We write M for a
closed surface M of genus g.)
What we mean by a stable minimal submanifold of a function will be
made clear later.
Let be the stereographic projection
from the n-sphere into IRn. Since 0 is conformal, (4. 1. 6) implies the
following corollary which we need later.
(5. 1. 7) COROLLARY. Let f:M Sn be an isometric immersion of an
orientable surface with or without boundary 3M into Sn. Then
5.2 The First Variation of x.
(5.2.1) Let M be a c°° orientable m-dimensional Riemannian manifold
with or without boundary 3M and f:M» M be an immersion of M into a
n-dimensional Riemannian manifold (M,g) with connection V. M becomes a
Riemannian manifold with the induced g and V on TM. If we write V1 the
induced connection on the normal bundle NM, then the bundles SM
whose fiber at each point pe M is the space of symmetric linear
transformations of T M T M and HM=Hom(NM, SM) are Riemannian
P P
vector bundles in a natural way. As the Weingarten map A defined by
x r
» A, NM (c.f.§4. 1) is a section in HM, the transpose A of A
— t P—
is a section in Hom(SM, NM). If we set A=A °A, then A is a section in
Hom(NM,NM) which is a symmetric positive semi-definite operator at
each point on M. (c.f.[Sim] p.69) In terms of local orthonormal frame
{E,..., E} at p,1 m
(1)
where h is the second fundamental form of M in M. Also, when h is
regarded as a symmetric bilinear form on T M with value in (NM),P.
(2)
where the right hand side denotes the projection of the curvature
tensor on NM.
Moreover, given a Riemannian vector bundle VM on M with
scalar product, connect ion V and Laplacian A, ohe ±oi1owing is
standard.
(5.2.2)FACTS.
(i) For a local orthonormal frame {E, ....E} at pe M with
(ii) If p and p are sections of VM such that either Jj or p has
compact support, then
(3)
where is the covariant derivative of Jj in the direction normal to
9M pointing away from M. In particular one has the Green's formula:
(4)
where or p has compact support.
(5.2.3)THE VARIATION OF x. Let I=(--,-) and F:MxI M be a smooth
2 2
mapping such that its restriction to Mxt, te I is an immersion and










the induced bundle over Mxl,
the induced inner product on F (TM),
— • . —
the induced connection on F (TH) (still denoted by V).
The structural equations are
(5)
(6)
where R is the curvature tensor on M, X and Y are vector fields-on
and Z is a smooth section of splits over Mxl with
N such that and is the space of
vectors in normal to Let
T and
N be the corresponding projections. Then T (resp. N)
becomes a Riemannian vector bundle when it is equipped with connection
If B is a section on we indicate its
T N
projections on T and N by B and B respectively, we also define:
(vii) V section in f(TM): V(p) the vector field
along the image of M.
(viii) IH section in N: (H(p,t) is the mean curvature vector to
at
(ix) Laplacian in N| =NMt=o
(5.2.4) Computation of Euler Equation for x(f).(c.f.(5.1.5))
STEP 1: To compute
Let be a frame in at with
and Extend by parallel translating
and along the curve in T and N respectively so
that and Further extend
by parallel translating in T ana in
N along geodesies in M originating at p. We observe that for all
(p,t)€ Mxl, Ei is tangent to f(M), so there exist vector fields
e (p,t) in TM such that (f) (e.)=E.,i i 1
Note that and At
( us i ng (5) (6))
where Since is a section of T over
.Also (5) implies that
at I as at (p,0). Thus it follows from
(1),(2) in§ 4.1 and (i) in (5.2.2) that
where we have used (1) and the fact (c.f.(2)) that
Hence at (p,0),
(7)
STEP 2: To compute
In what follows, we set m=2 and assume that M has constant
sectional curvature K'-K. (c.f.(4.1.4)) The assumption implies that
R(VN)=-2KVN. Also one can calculate that (c.f.[Law 2] p. 11)
(8)
where 0 is a 1-form with 0(X)=VT,X. Therefore,
at (p,0). By using (4), the symmetry of A with respect to and
the fact that d(f0)= dfA0+ fd0= VTfl+ fd0, we get
(9)
provided V has compact support.
STEP 3: To compute
We do the calculation under the assumption that F(p,t)=f(p)
for all pe 3M. Let {e, e be a frame field on 9M consistent with
the orientation of M such that e is normal to 3M and direct away from
M. Then eis direct along 3M and is consistent with the induced
orentation on 3M. Let E =F (e), i=i,2. Extend E E to a frame
i i 12
—
field {E,.. .,E} in F (TM) _w_. Now we do the same as in step 1,i n SMxO
i.e., extend {E ,...,E first along {(p,t):--t-, then into M. InIn 2 2 t
addition, e e will extend to a frame field on Mxl so that
1 2
F (e )=E, i=l,2. We should note that e (m,t)=e (m, 0), te(~,.
i I 2 2 2 2
Let- k be the principal curvature vector of
Thus assumption implies thatso
As Moreover,
and on 0 because 0. Therefore,
(10)
since coincide with the normal vector on SM.
(5• 2. 9)DEFINITION. A variation F of an immersion f has compact
support if the vector field V along the image of M has compact
support. Then we say f:M M is a stationary point of t if
for all variations F of f which fix the boundary of M and have compact
support.
(5. 2. 10) THEOREM. (We iner) Let f:M M be an immersion of an orientable
surface with or without boundary into a space form of constant
sectional curvature K such that x(f)+oo if M is noncompact. Then f is
a stationary point of t iff
(11)
(12)
PROOF. Since F fixes the boundary, and Using these
observations together with (9) and (10), we get the desire result by
applying standard varitional argument. be
(5.2.11)DEFINITION. An immersion f:M is called pseudo-umbilic if
Ajj_| is an multiple of identity, i.e., A(X)=AX for all Xe TM.
(5. 2. 12) THEOREM. Under the same hypothesis as (5.2.10), any two of
the following statements implies the third:
(i) f is a stationary point of x,
(ii) OH is harmonic in NM (i.e.AlH= 0) and 1H= k on 3M,
(iii) f is a pseudo-umbilical immersion.
PROOF.
It is trivial when one notes that f is pseudo-umbilical iff
(5.2. 13).REMARK. If M is closed, the condition (ii) of the above
theorem is equivalent to IH being parallel in NM. This can be seen by
the Green's formula (4) for closed M:
implies that or IH is parallel. Thus theorem (5.2.12)
generalizes a result of Chen and Houh (c.f.[ChHo]) for closed surface
in Euclidean space IRn. In fact, the allowable variations discussed
here can contain boundary term or M is open.




Consider the particular case when M is IR or the unit
sphere S in IR. Then M is a hypersurface in M, and NM is spanned by a
unit vector field E. So we can write !H=HE with A1H=(AH)E and
3 3 3
A(!H)=HBE where B is the souare of the length of the second
3
fundamental form. However, B+2G=4K2 where G=detA (A is the Weingarten
map). Consequently, we get the partial differential equation of the
3 3
stationary points to x for closed surfaces in S or R:
(13)
Of course for M=!R3, G=Gauss curvature of the surface in DR,
V
then (13) reduces to (4) in§ 5.1. In [R3, K=0 and t(f) equals to the
Wi11more functional of M at f in this case. Moreover, by corollary
3
(5.1.7), it is clear that f is a stationary point of i in S iff 0°f
is a stationary point of x in [R3. However, all stationary points of x
are characterized by (13), thus we get
(5.2. 16)THEOREM. Let f:M S3 be an immersion of closed orientable
surface M into S. Let 3:S3{pt} 0R3 be the stereographic projection.
Then f satisfies (13) in S3 iff 0of satisfies (13) in 1R3.
(5.2.17)COROLLARY. There exist closed embedded surfaces in R3 of
arbitrary genus that satisfy
PROOF. Lawson has shown in [Law 1] the existence of closed
3
orientable embedded minimal surfaces of arbitrary genus in S. These
3
minimal surfaces satisfy (13) in S. Under stereographic projection,
3
they give the required surfaces in !R.




(5.2. 18)COROLLARY. The anchor rings in !R3 whose radii are in the
2
ratio 1:V2 satisfies (13). For these anchor ring, x equals to 2n.
3
PROOF. Let f:M (closed orientable surface of genus 1) S be thel
Clifford embedding into S3. For a stereographic projection 0 from an
appropriate point, 3°f is an anchor ring whose radii of generating A-
circles are in the ratio 1:V2. (e.g. for the Clifford embedding into
1 1 1 1
Sgiven by X= —cosCVu), X= —sin(v2u), cos(V2v), sin(V2v),
1 Vz 2 Vz
3
0u, V—v27r,£ is the stereographic projection from the north pole of S
onto the equatorial 3-space IR3). The area of the Clifford minimal
3 2
torus in S is 2n. Hence (14) implies that x for these anchor rings
o 2is 2tt.
REMARK. Weiner point out in [Weiner] that we may define x(f), where
—
f:M M is an immersion of closed non-orientable surface. Let M be
V v
the two fold cover of M and f:M M be the induced immersion. Then
1
x(f) is defined to be -x(f). The stationary point of x are still
characterized by the same equation (13).
5.3 The Second Variation of x.
(5.3.1) We study the second variation of x for closed minimal
3
surfaces in S. As before, we set
3
Let M be a closed surface and f:M S be an immersion of M
3
as a minimal hypersurface. Let F:MxI S be a variation of f. We
T




To calculate we need
(5.3.2)LEMMA.
PROOF. Since codimersion of M in S is one, there is a unit smooth
section which spans the normal bundle N of the variation and is
parallel in N. Define IH=HE, then3
Moreover, where is a frame field on
M that is parallel at m. Extend as in (5.2.8), first along
and then to Mxl. Consequently,
since is a section of T and H=0 when t=0. Hence
-t 2 2
Observe that V_.(HIH)=0 as HIH is the product of two terms
o
each of which is zero when t=0. On the other hand, we have
Now, as we obtain:
Define the operator J (resp. L) on NM by
(resp. L
3
For two normal vector fields V, W to a minimal surface M in S, the
t-index form (resp. index form) is defined by
(resp.
Clearly Both L and J Eire strongly elliptic operators.
Hence I and I are symmetric bilinear forms on the space oi normal
T
vector fields to M. (c. f. [Sim][Chern 2]) It follows from standard
elliptic theory that both I and I may be diagonalized with respect to
the scalar product) defined by
(V,W)
and have distinct eigenvalues:
respectively. Moreover, the dimension of each eigenspace is finite.
(5.3.3)DEFINITION. Let V(£) denote the eigenspace of the operatorA
corresponding to the eigenvalue X. The x-index (resp. index) and
x-nullity (resp. nullity) of M are defined by£ dim V (J)
jo j
(resp. V dim V (L)) and dim V (J) (resp. dim V (L)). Thenj o o
j0
the following is obvious.
(5.3.4)LEMMA. Let J and L be els above, f is an eigenvalue of L if and
only if 2) is an eigenvalue of J. Moreover,2
index of M
T-nullity of M= dim V (L)+ nullity of M.
-2
(5.3.5)DEFINITION. Let£ be the 4-dimensional vector space of vector
fields on S3 which are tangential projections onto S of parallel
vector fields in [R. The elements in ane called strictly conformel
vector fields. Define
(5.3.6)DEFINITION. Let M be a submanifold of Riemannian manifold M. A
section E of NM is a Jacobi vector field if AE-R(E)+A(E)=0. For M=S3
this defining equation is AE+A(E)+2E=0, i.e., L(E)=0. We denote by Q
the space of killing vector fields in S3. If We n, then (W|M)N is a
Jocobi vector field in S3. (c.f.[Sim] p.87). Denote the space of these
vector fields by Q.
(5.3.7)DEFINITION. Set T= fiN. An element in f is called a
1
conformal direction along M. Let T be the orthogonal complement of r
in NM with respect to the inner product(.,.).
(5.3. 8)LEMMA. I and
PROOF. If then (c.f.[Sim]p.85). Thus L(Z)=-2Z and
Clearly by definition.
2 3
Let S denote the 2-sphere embedded in S as a totally
geodesic surfaces.
3 2
(5. 3.9)LEMMA. If M is a closed immersed surface in S other than S,
then dim £=4. When M=S2, dim £=1. (c.f. [Sim]p. 86)
PROOF. Assume that dim ©4. The map:£ 3Wi »(W|M)€ is linear.
As dim £=4 and dim 4, there exists a vector field Ze£ such that
Z|M is tangent to M. So M can be decomposed into the integral curves
of the strictly conformal vector field Z. However, the curves of Z are
geodesic segments between some points pe S and its antipode.
3-




(5.3.10)DEFINITI0N. Let S(M) denote the space of isometries of S that
leave M invariant. Then S(M) is a closed Lie subgroup of Iso(S3), the
Lie group of isometries of S3.
(5.3. 1DLEMMA. dim ftN= 6- dim S(M).
PROOF. Note that the Lie algebra of Iso(S3) is the space of
killing vector fields on S3 and the map ft sZ i (Z|M)N= ftN is linear.
If Z is in the kernel of this map, then Z|M is tangent to M. Thus M is
invariant under the 1-parameter group of isometries of S generated by
Z. Clearly the Lie algebra of S(M) is the kernel of ft Z i ZNe ftN.
The required result thus follows from dim ft=6.
(5.3. 12)PROPOSITION.
2
Let MS be a closed orientable surface in
3
S. Suppose the operator L has no eigenvalues in the interval [-2,0]
other than -2 and 0. Moreover, suppose dim V CD= 4 and
1
dim V (L)= 6-dim S(M). Then I |T is positive definite,
o T
PROOF. It is a direct consequence of (5.3.4), (5.3.8), (5.3.9) and
(5.3.11).
5.4 A Stable Minimal Submanifold in Ik(M ,!R3).
(5.4.1) In this section, we define stable minimal manifold of a
function and sketch the proof of the result stated in (5.1.6)(ii). For
a detail explanation, we refer the reader to [Weiner].
(5.4.2) We first introduce some notations. Define:
(i) Ck(M,N):
(ii) Ik(M,N):
the space of c mappings between closed
manifolds M N with c topology,
the space of ck immersions between closed
manifolds M N with ck topology,
(iii) D- Diffk(M): the space of ck diffeomorphisms of M with
ck topology,
(iv) : Lie group of conformal trajisformations of S3.
Then (i), (ii) and (iii) are smooth Banach manifolds. Ik(M,N) is
an open manifold of Ck(M, N) and Diffk(M) is an open submanifold of
C (M, M), also TC (M,N)= Ck(M,TN). For a reference on manifold of
mappings, we refer the reader to [Abr]. Moreover in [Abr], one finds
proofs of the a-lemma and w-lemma which we state in a restricted form
as follows:
(5.4.3)a-LEMMA. Let M, M' and N be closed c°° manifolds and
be Then 1 defined by f is a
mapping with derivative a.h
(5.4.4) a-LEMMA.
00
Let M, N and N be closed c manifolds and
be Then defined by fi »h°f
is c°° and if h is ther is of class The derivative of
(5.4.5) can be considered as a group under the following
multiplication: If then
For define:
It follows from the a-lemma and the a-lemma that is a
k 3
mapping. Therefore, we have a left action 4 of (Tx2) on I (M, S) by




Using a-lemma and w-lemma together with the fact that f is a
oo k 3
c submanifold of Diff (S), one can prove:
(5.4.6)LEMMA. If f is then
— 00—
(5.4.7)FACT. Let B and B be c Banach manifolds and$: B B a
00..—
c mapping. Suppose Image($) is a splitting subspace of T, Bb 4(b)
for all be B and Ker($) is a k-dimensional subspace of T B for allb b
be B (with k constant). Then Imaged is an immersed submanifold of B.
3
Let 1 denote the identity conformal transformation of S and
the identity diffeomorphism of M. So (l,l)e GTxD. A study of the map
$f at (1,1) will give
(5.4.8)LEMMA. Image$ is splitting and Ker is finite dimensional1
at (1,1).
With the help of (5.4.8), one can show that
(5.4.9) LEMMA. Image is splitting and Ker$ has the same finite
dimension at all (y,5)e GTx2).
Combining the above lemmas, we get
(5.4. 10)THEOREM. Let f:M S3 be a smooth immersion, then (9(f) is
a c°° immersed submanifold of Diffk(S3).
(5.4. 11)DEFINITION. Let B be a smooth Banach manifold and B be a
submanifold of B. Let 0: B be c°°. Let VB be a bundle over B such
that TB©VB= TB|B. We say that B is a stable minimal manifold of 0 if
2
d0 is zero on B, and (d 0) has null space T B and is positiveb b
definite on (VB) for all be B. Clearly this condition on d20 holdsb
for all complements to TB in TB|B if it holds for one.
Let fe Ik(M,S3). If f is a stationary point of x; this is
equivalent to dx=0. Then dx=0 on (9(f). To show (9(f) is a stable
2
minimal submanifold of x, it suffices to show that d x is positive
k 3
definite on some subspace of T I (M,S) which complements T(9(f). In
3
particular, if f:M S is an immersion of M as a minimal
3
hypersurface of S, then (9(f) is a stable minimal submanifold of x iff
dx2 is positive definite on T (remember T= (dN©£2N. (c.f. (5.3.7))
However dx=I on V. Hence proposition (5.3.12) yields the following
theorem.
(5. 4. 12)THEOREM. Let f:M S3 be an immersion of a closed
3
orientable surface M of genus stl, as minimal submanifold of S. Then
(9(f) is a stable minimal submanifold of x in Ik(M, S3) iff the operator
L has no eigenvalues in [—2,0] other than —2 and 0 and, in addition,
dim V (L)=4 and dim V (L)=6-dim S(M).
-2 o
(5. 4. 13)COROLLARY. Let f:M S be the Clifford minimal embedding.- 1 3
Then 0(f) is a stable minimal submanifold of x in Ik(M, S3).
SKETCH OF THE PROOF. For the Clifford minimal embedding of M,
A(E)=2E, where E is a section of NM. Therefore L=-A-4. The
2 2
eigenvalues of -A are of the form 2(m +n), where m, n sire non-negative
integers. So the only eigenvalues of L in the interval [-2,0] are -2
and 0. It can be checked that dim V (L)=dim V (-A)=4, dim V (L)=dim
-2 2 0




(5.4.14) Since S {pointj and IR are conformally equivalent, we also
have the corresponding result for anchor rings whose radii are in the
.— k 3
ratio l:v2. In fact, let fe I (M, IR) be such embedding. As above, we
k 3
let 0(f) be the submanifold of I (M, IR) which contains the immersions
that differ from f by reparametrizations and conformal
3
transformations of IR.
(5. 4. 15)COROLLARY. Let f:M be an embedding of the torus as an
anchor ring whose generating circles have radii in the ratio 1:V2.
k 3
Then 0(f) is a stable minimal submanifold of i in I (M, IR).
5.5 Recent Developments.
(5.5.1) As the ending section of part II, we report on some recent
developments concerning the Willmore functional in IR. We first
summarize the problems arising from the Willmore functional as follows.
For a given closed surface M, we are interested in
3
(i) Determine W(M)= inf W(f) over all immersion f:M M.
(ii) Classify all f for which W(f) equals the minimal value of
W(M).
(iii) Determine all the Willmore surfaces which are characterized
by the Euler equation AH+2H(H2-G)= 0.
2 o
(5.5.2) When M is the sphere S or the real projective plane IRP the
above three problems sire completely solved.
We have shown in (3.1.4) that W(S2)=47i, and the minimum is
attained only for round spheres. Recently, R. Bryant in [Bry 1]
classified all Willmore immersions f:S2 (R3, that is immersions
corresponding to Willmore surfaces. The possible values of| H2dV are
JS2
47m, with n a natural number, where either n=l or n4 and n even
or n9 and n odd.
3
Since any immersed projective plane in IR has a triple
point, so, by the result of Li and Yau, W([RP2)127r. (c. f. (4. 4. 11))
Lately, Bryant (c.f.[Bry 2]) and R. Kusner (c.f.[Kus]) found
2
independently explicit immersions of IRP for which the minimal value
2.3
12n is attained. Indeed, Bryant classified all minimizing IRP' s in R
and found (modulo conformal transformations) a two-parameter family of
such surfaces.
(5.5.3) When M is the torus T, we have the well-known Willmore
conjecture: W{7)=2n2. The value 2t? is actually attained for the
anchor ring whose radii of generating circles are in the ratio of
1: V2. Though the inequality f H2dV27i2 has been proved for various
j Y
special classes of immersed torus (c.f.(3.1.5), (3.2.2) (4.4.9)) or
some other tori of revolution of closed curve in hyperbolic plane
(c.f.[LaSi]), in general, it is only known that for any isometric
immersion f:T (R, we have lf(f)47r (c.f. (3.1.4)). So it may happen
that W(T)4tt.
Recently, L. Simon (c.f.[L.Si]) proved the existence of a
minimizing immersion f of T with W(f)=W(T), this implies that
Jf(T) 4tt.
We mention in passing that for the surface of genus g,
Kusner conjecture that the stereographic projections of Lawson's
g-holed tori T are optimal, in the sense that they are absolute
g
minima of the Willmore functional H2dV among all genus g surfaces M.
M
(c.f. [KuPi])
(5.5.4) Finally, we report on developments in constructing Willmore
surfaces. So far, all Willmore surfaces that we have seen arised from
stereographic projected images of compact embedded minimal surfaces in
S3. Karcher, Pinkall and Stering in 1986 (c.f.[K,PS]) constructed new
3
examples of compact embedded minimal surfaces in S, and hence
embedded Willmore surfaces. These examples are based on the
3
tessellations of S into cells having the symmetry of a Platonic
sol id.
On the other hand, Pinkhall found in 1985 (c.f. [Pin]) the
first examples of compact embedded Willmore surfaces that are not
3
stereographic projectons of compact embedded minimal surfaces in S.
Using results of J. Langer and D. Singer in [LaSi] on elastic curves
in S2, an infinite series of such surfaces is exhibited. All of these
surfaces are, however, unstable critical points of W and hence are not
candidates for absolute minima.
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